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Abstract. In this paper, we first prove the global existence of weak solutions to the d-dimensional 
incompressible inhomogeneous Navier-Stokes equations with initial data ao £ I/°°(R'*), mq — 

G Bj^^r^^iR'^), which satisfies {^i\\ao\\L^ + \\u[]\\ _i+ d ) exp(aM"^nholP''_i , ^ ) < cqm 

for some positive constants co, Cr and l<p<d, l<r< oo. The regularity of the initial velocity is 
critical to the scaling of this system and is general enough to generate non-Lipschitz velocity field. 
Furthermore, with additional regularity assumption on the initial velocity or on the initial density, 
we can also prove the uniqueness of such solution. We should mention that the classical maximal 
L^{L'') regularity theorem for the heat kernel plays an essential role in this context. 
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1. Introduction 

In this paper, we consider the global wellposedness to the following d-dimensional incompressible 
inhomogeneous Navier-Stokes equations with the regularity of the initial velocity being almost 
critical and the initial density being a bounded positive function, which satisfies some nonlinear 
smallness condition, 

dtp + div(pn) = 0, {t, x) G M+ x R'^, 
dt{pu) + div(/3ii (g) n) — p/S.u + VII = 0, 
divti = 0, 

/)|t=o = Po, pu\t=Q = Pouo, 



(1.1) 



where p,u = {u^,u'^) stand for the density and velocity of the fluid respectively, 11 is a scalar 
pressure function, and p the viscosity coefficient. Such system describes a fluid which is obtained 
by mixing two immiscible fluids that are incompressible and that have different densities. It may 
also describe a fluid containing a melted substance. We remark that our hypothesis on the density 
is of physical interest, which corresponds to the case of a mixture of immiscible fluids with different 
and bounded densities. 

In particular, we shall focus on the global wellposedness of (1.1) with small homogeneity for 
the initial density function in L°°(M'^) and small horizontal components of the velocity compared 
with its vertical component. This approach was already applied by Paicu and Zhang [26, 27] 
for 3-D anisotropic Navier-Stokes equations and for inhomogeneous Navier-Stokes system in the 
framework of Besov spaces. The main novelty of the present paper is to consider the initial density 
function in L°°(R'^), which is close enough to some positive constant. Then in order to handle the 
nonlinear terms appearing in (1.1), we need to use the maximal regularity effect for the classical 
heat equation. We should mention that the initial data have scaling invariant regularities and the 
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global weak solutions obtained here, under a nonlinear-type smallness condition, also belong to 
the critical spaces. Moreover, the regularity of the velocity field obtained in this paper is general 
enough to include the case of non-Lipschitz vector fields. 

When pq is bounded away from 0, Kazhikov [22] proved that: the inhomogeneous Navier-Stokes 
equations (1.1) has at least one global weak solutions in the energy space. In addition, he also proved 
the global existence of strong solutions to this system for small data in three space dimensions and 
all data in two dimensions. However, the uniqueness of both type weak solutions has not be solved. 
Ladyzenskaja and Solonnikov [23] first addressed the question of unique resolvability of (1.1). More 
precisely, they considered the system (1.1) in a bounded domain with homogeneous Dirichlet 

boundary condition for u. Under the assumption that uq &W p (Q) [p > d) is divergence free 
and vanishes on dO, and that po € C^{^) is bounded away from zero, then they [23] proved 

• Global well-posedness in dimension d = 2; 

2—- V 

• Local well-posedness in dimension d = 3. If in addition uq is small in W p (O), then 

global well-posedness holds true. 

Similar results were obtained by Danchin [11] in R'^ with initial data in the almost critical Sobolev 
spaces. Abidi, Gui and Zhang [3] investigated the large time decay and stability to any given global 
smooth solutions of (1.1) , which in particular implies the global wellposedness of 3-D inhomogeneous 
Navier-Stokes equations with axi-symmctric initial data provided that there is no swirl part for the 
initial velocity field and the initial density is close enough to a positive constant. In general, when 
the viscosity coefficient, /x(/9), depends on p. Lions [24] proved the global existence of weak solutions 
to (1.1) in any space dimensions. 

In the case when the density function p is away from zero, we denote by a *='^ ^ — 1, then the 
system (1.1) can be equivalently reformulated as 

dta + u-Va = 0, (t, x) G M+ x M'^, 
dtu + u-Vu + {l + a)(Vn - ji/^u) = 0, 
divM = 0, 

(a,u)|t=o = (ao,'Uo)- 

Notice that just as the classical Navier-Stokes system, the inhomogeneous Navier-Stokes system 

(1.2) also has a scaling. More precisely, if (a, n) solves (1.2) with initial data (00,^x0)5 then for 
> 0, 

(1.3) {a,u)i^= {a{l^-,l-),iu{l^-,l-)) and (oq, uq)^ =^ (ao(f •)> ^^^o(^-)) 

{a,u)i is also a solution of (1.2) with initial data (ao^'ito)^- 

In [10], Danchin studied in general space dimension d the unique solvability of the system (1.2) 
in scaling invariant homogeneous Besov spaces, which generalized the celebrated results by Fujita 
and Kato [16] devoted to the classical Navier-Stokes system. In particular, the norm of (a, u) G 

^2,ooi^'^) ^ L'^^^'^) X -62^,1 (^'^) is scaling invariant under the change of scale of (1.3). In this case, 

Danchin proved that if the initial data (oq, uq) G Bl^{W^)r\L'^ {W^) x {W^) with ao sufficiently 
. i 

small in i?! oo(^'') ^ L°^{W^)^ then the system (1.2) has a unique local-in-timc solution. Abidi [1] 

d ^ d 

proved that if 1< p < 2(i, < ^ < /i(a), uq G B^^ (M'') and G B^^^-y{M!^) , then (1.2) has a global 
solution provided that ||ao|| d -|- ||tio|| d_, < cq for some cq sufficiently small. Furthermore, such a 

solution is unique il 1 < p < d. This result generalized the corresponding results in [10, 11] and was 
improved by Abidi and Paicu in [2] when p{a) is a positive constant by using different Lebesgue 

d 1-)- — 

indices for the density and for the velocity. More precisely, for oq G Bg^^{M.'^) and uq G Bp i ^ (M*^) 



(1.2) 
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with || ~ || < ^ and I + ^ > ^1 they obtained the existence of solutions to (1.2) and under a 
more restrictive condition: ^ + ^ > 1, they proved the uniqueness of this solution. In particular, 
with a well prepared regularity for the density function, this result implies the global existence of 
solutions to (1.2) for any 1 < p < oo and the uniqueness of such solution when 1 < p < 2d. Very 
recently, Danchin and Mucha [13] filled the gap for the uniqueness result in [1] with p G (d, 2d) 
through Langrage approach, and Abidi, Gui and Zhang relaxed the smalness condition for oq in 
[4, 5]. 

On the other hand, when the initial density po G L°°(r2) with positive lower bound and uq G 

H'^{Q), Danchin and Mucha [14] proved the local wellposcdncss of (1.1). They also proved the 

global wellposcdncss result provided that the fluctuation of the initial density is sufficiently small, 

2-2 

and initial velocity is small in Bq^p'' {^) fori <p<oo,d<g<ooin 3-D and any velocity in 
^4 2 (^^) n (fi) in 2-D. Motivated by Proposition 2.1 below concerning the alternative definition of 

Besov spaces (see Definition A.l) with negative indices and [17], where Kato solved the local (resp. 
global) wellposcdncss of 3-D classical Navier-Stokes system through elementary L'^ approach, we 
shall investigate the global existence of weak solutions to (1.2) with initial data ao G L°^(]R^) and 

uq G Bp^r (W^) for p G (l,(i) and r G (l,oo), which satisfies the nonlinear smallness condition 

(1.6). Furthermore, if we assume, in addition, uq G Bp^r ^ (^'^) for some sufficiently small £ > 0, 
we can also prove the uniqueness of such solution. 

Definition 1.1. We call (a, m, VII) a global weak solution of (1.2) if 



for any test function 4> £ (^^([0, oo) x M*^), there holds 



/ / a{dt(l) + u ■ V (f)) dx dt + / ^(0, x)ao(x) dx = 0, 
^-|^ ^-j Jo Jr"^ Jr'' 

div ucpdxdt = 0, 



'0 

• for any vector valued function $ = ($^, • • • , $'^) G C^([0, oo) x M'^), one has 

(1.5) / / \u ■ dt^ - {u -Vu) ■ ^ + {1 + a){nAu -VU) ■ ^} dxdt + [ uq ■ ^{0,x) dx = Q. 

Jo Jr"^ ^ ^ Jr'^ 

We denote the vector field hy u = {u^, u'^) where = {v} ^u^, u'^~^). Our first main result in 
this paper is as follows: 

— 1+- 

Theorem 1.1. Let p G {l,d) and r G (l,oo). Let ao G L°°(M'^) and uq G Bp,r "{W^). Then there 
exist positive constants cq, Cr so that if 

(1.6) 77 =^()u||ao||L°o + ||uo|| exp|CrAi~^''||uo||^''_,_, d I < co/x, 



Bp, 

(1.2) has a global weak solution {a,u) in the sense of Definition 1.1, which satisRes 

dr 1 
3r-2J' 



(1) whenpe (1, 3^ 



u^||A'u''|| _jir_ +Li2r\\\/u^\\ < Cri, 

L'-(R+;L»'-2) L'^'-{R+;L-^r-i) 

n 7^ u^llA'u'^ll , dr -I- ||V?x°'|| , dr < enroll ,.d+ca, 

Hr\\VIl\\ ^ dr <Cri(\\ui\\ ,,d+cij); 
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(2) whenpe{^,d), 

.ai A h 



d 



and 



(1.9) 



^Jpj, I ±jp.p 



for some small enough constant c, where pi,p2,P3 satisfy max(p, 27^1) < Pi < d, and < P3 < 00 
so that ^ + ^ = ^) indices a\, a2, /32, 71, 72 are determined by 

1, d, 1 ^ 1, 1 , 1, d, 

2 Pi 2r 2 p2 2r 2 p^ 

«2 = ;.3-- --, ^2= 2-- and l-_ - 

2 pi r 2 p2 2 p3 2r 

Furthermore, if we assume, in addition, that uq G Bp^r ^ (I^*^) ior < e < min{i, 1 — i, ^ — 1}, 
then such a global solution is unique. 

Remark 1.1. The main idea to prove Theorem 1.1 is to use the maximal IJ'{L'i) regularizing effect 
for heat kernel (see Lemma 2.1). In fact, similar to the classical Navier-Stokes equations ([17]), we 
first reformulate (1.2) as 

(1.11) u = e''^^uo+ [ e'^(*-*)^{-«- Vn + AioAu- (l + a)Vn}(is. 

Jo 

Then we can prove appropriate approximate solutions to (1.11) satisfies the uniform estimate (1.7- 
1.9). With these estimates, the existence part of Theorem 1.1 follows by a compactness argument. 

■ — 1+— 

We remark that given initial data uq G Bp^r 0^'^), the maximal regularity we can expect for u 

~ ■ i+- 

is Lj:{Bp^r'')- With this regularity for u and a G (R+ xM"*), we do not know how to define the 
product aAii in the sense of distribution if p < d. This explains in some sense why we can only 
prove Theorem 1.1 for p G {l,d). 

Remark 1.2. The smallness condition (1.6) is motivated by the one in [27] (see also [18, 26, 29] for 

the related works on 3-D incompressible anisotropic Navier-Stokes system), where we prove that: 

. 2 . -1+3 

for 1 < q < p < 6 with ^ - ^ < 5, given any data oq G B^^i(R^) and uo = {uq,uI) G 5^ ^ ^ (R^) 

verifying 

(1.12) ?? =^(//||ao|| . 3 + Iholl ..i+i) exp|Co||nof _i 3 / n"^] < cqii, 

_ 3 

for some positive constants cq and Co, (1.2) has a unique global solution a G C([0, 00); -B^]^(R )) 
and u G C([0, 00); ^^^^^^(M^)) n Li(M+; ^^^^^(R^)). Similar wellposedness result ([2^]) holds with 
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||ao|| 3 in (1.12) being replaced by \\ao\\ 3 , the norm to the multiplier space of ^(R^). 

We emphasize that our proof in [27, 20] uses in a fundamental way the algebraical structure of 
(1.2), namely, divu = 0, which will also be one of the key ingredients in the proof of Theorem 1.1 
and Theorem 1.2 below. 

Remark 1.3. We should also mention the recent interesting result by Danchin and Mucha [14] that 
with more regularity assumption on the initial velocity field, namely, m < po < M and uq G (W^) 
for d = 2,3, they can prove the local wellposedness of (1.1) for large data and global wellposedness for 

— 1+- 

small data. We emphasize that here we work our initial velocity field in the critical space Bp^r ^ 0^'^) 
for p G (l,d) and r G (l,oo) and also the fact that Theorem 1.1 remains to be valid in the case 
of bounded smooth domain with Dirichlet boundary conditions for the velocity field. Moreover, our 
uniqueness result in Theorem 1.1 is strongly inspired by the Lagrangian approach in [14], but with 
an almost critical regularity for the velocity, the proof here will be much more complicated. In fact, 

the small extra regularity compared to the scaling (1.3), namely, uq G Bp^r ^ (R'^) for some small 
£ > 0, «s useful to obtain that Am G Lj^^{L'^^^) for some rj > 0, which combined with Au G LI^^{LP^) 
with pi < d (see (1.8)) implies that u G Lj^^(Lip) and this allows us to reformulate (1.2) in the 
Lagrangian coordinates. One may check Theorem 4-1 One may check Theorem 4-1 below for more 
information about this solution. 

A different approach to recover the uniqueness of the solution is to impose more regularity on 

-+£ 

the density function. Indeed, if the density is such that ao G .65,00 (R"'), for some small positive e, 
we can also prove the global wellposedness of (1.2) under the nonlinear smallness condition (1.13): 

Theorem 1.2. Let r G (1, 00), 1 < q < p < 2d with ^ - ^ < | and e G (0, y - 1) be any positive 

real number. Let oq G L°°(M'^) n Blt^{R'^) and uq G B'^'^'^'^R'^) n Bp^r^^{R'^). There exist 
positive constants co,Cr,e so that if 

(1.13) ,5 =^(//||ao|| d+, + ._i+d_, .-i+d)eyip\Cr,el^'^''\\uif'' _i+i|<coM, 
(1.2) has a global solution (a, u) so that 



a G C([0,oo);L~(M<^) nS.y (M<^)), 



uG C([0,oo);fip,i^^ \R'^)nBp,l'^'''{R'^))nL\R+;BlP \r'^) n B^'^J i^'^)) , 
and there holds 

ll^'^IL -i+d.-e + IK'*!!- -1+^* +/^(!!a!!„ d.^ 

+ !|ii''!!^ i+d^^ +\\u''\\__ i+d)<C(5, 
!!«'^!!- -i+d-e +!!«'^!!- -i+d +n{\\u'^\\^ ,,+d_, 

+ !l^i'^!l~ .i+d ) < 2||«^|| _ d_, ._i+d+c2/x, 

for some C2 sufficiently small, and the norm \\ ■ \\xnY = !|-!|x + !|-!|y. Furthermore, this solution 
is unique if ^ + ^ > |. 

Remark 1.4. We point out that Haspot [19] proved the local well-posedness of (1.2) under similar 
conditions of Theorem 1.2. Our novelty here is the global existence of solutions to (1.2) under the 
smallness condition (1.13). We should also mention that: to overcome the difficulty that one can 
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not use GronwaU's inequality in the framework of Chemin-Lerner spaces, motivated by [26, 27], we 
introduced the weighted Chemin-Lerner type Besov norms in Definition A. 3, which will he one of 
key ingredients used in the proof of Theorem 1.2. 

Remark 1.5. We remark that in the previous works on the global wellposedness of (1.2), the third 
index, r, of the Besov spaces, to which the initial data belong, always equals to 1. In this case, 
the regularizing effect of heat equation allows the velocity field to be in (M.'^ , Lip(E.'^)) , which 
is very useful to solve the transport equation without losing any derivative of the initial data. In 
both Theorem 1.1 and Theorem 1.2, the regularity of the velocity field is general enough to include 
non-Lipschitz vector-fields. 



The organization of the paper. In the second section, we present the proof to the existence 

dr 
3r-2- 



part of Theorem 1.1 in the case when 1 < p < q^zo- Section 3, wc shall present the proof to 



the existence part of Theorem 1.1 for the remaining case: g^^f < P < d. In Section 4, we shall 
present the proof to the uniqueness part of Theorem 1.1 with an extra regularity on the initial 
velocity. In Section 5, we prove Theorem 1.2 which gives the uniqueness in the case where we have 
an additional regularity on the density. Finally in the appendix, we collect some basic facts on 
Littlewood-Paley theory and Besov spaces, which have been used throughout this paper. 

Let us complete this section by the notations we shall use in this context: 
Notation. For X a Banach space and / an interval of M, we denote by C(/; X) the set of continuous 
functions on / with values in X, and by L''{I; X) stands for the set of measurable functions on / 
with values in X, such that t i — > \\f{t)\\x belongs to L'^{I). For a < 5, we mean that there is a 
uniform constant C, which may be different on different lines, such that a < Cb. We shall denote 
by {cj^r)jez to be a generic element of (^{Z) so that Cj^r > and Yljez ^^,r — ^■ 



2. Proof to the existence part of Theorem 1.1 for 1 < p < 



dr 

3r-2 



Notice that given uq £ Bp^r^i^"^) with I < p < 3^ and r G (l,oo), Auq G Bp,r "(R^), we 



One of the key ingredients used in the proof to the existence part of Theorem 1.1 lies in Propo- 
sition 2.1 below: 

Proposition 2.1 (Theorem 2.34 of [6]). Let s be a negative real number and {p,r) G [l,oo]^. A 
constant C exists such that 

c-V^II/IIb|,. < llP-^e*^/II^HlL^(M+;f) <c^/^^ll/IU|..- 

. _2 

In particular, for r > 1, we deduce from Proposition 2.1 that / G Bp/ (W^) is equivalent to 
e^'^^f <E UXR+;LP{R'^)). 

-1- 

3r-2 

can always find some qi>p and ri > r such that 

d d 2 2 
-3 + - > -3 + — = > — . 

p qi n r 

. _2 

Choosing ri = r in the above inequality leads to qi = 3^^. Then Auq G B £. (M'^), we infer 

3r-2''' 

that Aei^^^uo G L'' {R+ ; L^^ (W^)) . Similarly, we can choose some q2 ^ P and r2 > r with 
-2 + ^ = so that Vuq G Bp^r " {R'^) ^ fiqj,,./^ (R^i). Choosing r2 = 2r gives rise to 

^2 = 2^ > 3^ - P Ve''*'^uo G L^''(i?+;L2^(R'')). And Sobolev embedding ensures that 

e*^no G L2''(i?+;L^(M'^)) in this case. 

The other key ingredient used in the proof of Theorem 1.1 is the following lemma (see [25] for 
instance), which is called maximal L^(L'^) regularity for the heat kernel. 



2r-l 



dr 
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Lemma 2.1. (Lemma 7.3 of [lb]) The operator A defined hy f {t , x) Ae^^^^'"^^^ f ds is bounded 

from LP{{0,T);Li{R'^)) to LP{{Q,T);L1{R'^)) for every T G (0,oo] andl <p,q< oo. Moreover, 
there holds 

IWk.(M)<^||/||L.(L,). 

Lemma 2.2. Let 1 < r < oo. TLe operator B defined by f{t,x) /q Ve'^^*"*^'^/ c/s is bounded 
from L^''{{0,T);L^{R'^)) to L^((0, T); L5^(i?'')) for every T G (0,oo], and there holds 

(2.1) \\ ['ve^^^-'^^fdsW < ^ 

Proof. Notice that 

(47r/i(t - s))— \/4/i(t - s) 
Applying Young's inequality in the space variables yields 

||Ve'^(*-^)^(l[o,T](^)/)(^,-)||^^ 

<C{iJi{t-s))-'^\\K{ ^_= )|L ^^||l[o,T](^)/(^)|L^ 

<C(M(t-s))-^||l[0,T](^)/(^)ll^3^, 

where l[oi](.s) denotes the characteristic function on [0,t], from which and Hardy-Littlewood- 
Sobolcv inequality, we conclude the proof of (2.1). □ 

In what follows, we shall seek a solution {a,u) of (1.1) in the following space: 

(2.3) X'^={{a,u): a G L°^(M+ x R"'), Vii G l2^(M+; (M^)), A« G L^(M+; L^(M'^)) }. 

We first mollify the initial data (ao,«o)j and then construct the approximate solutions (a„,«„) 
via 

'dtttn +Un ■ Van = 0, 
dtUn + Un ■ VUn - fJ-AUn + VH^ = an(/xA'U„ - VII^) 
div Un = 
^{an,Un)\t=0 = {SN+nao,SN+nUQ), 

where iV is a large enough positive integer, and Sn+N^o denotes the partial sum of oq (see the 
Appendix for its definition) . 

We have the following proposition concerning the uniform bounds of (^^n? ^n)* 

Proposition 2.2. Under the assumptions of Theorem 1.1, (2.4) has a unique global smooth solution 
(a„,n„,Vn„) which satisfies 

U,r\\Au'l\\ dr Lt^llVwJ^II dr <Cll, 

^^^^ " ''"L'^(E+;L3F^)'^ " "'"L2r(]R+.x,!2F-r) - 

and 

(2.6) /x^||Vn„|| ^ <Cr7(||w^|| i+d+c/x) 



(2.4) 
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for some small enough constant c and rj given by (1.6). 

Proof. For N large enough, it is easy to prove that (2.4) has a unique local smooth solution 
(a„, tt„, Vn„) on [0, T*) for some positive time T*. Without loss of generality, we may assume that 
T* is the lifespan to this solution. It is easy to observe that 

(2.7) ll^n|lLcx.((o,r*)xiR'^) — II'*o||l°°. 

Next, for Ai,A2 > 0, we denote 

/i,„(t) iiv<(t)ip'^, /2,„(t) =' w^uiitw^, 

U\,n{^,x) = Unit,x)exp^- J {Xlfl,n(t') + \2f2,n{t')) dt' ^ 

and similar notation for nA.n(t, x). To deal with the pressure function n„ in (2.4), we get, by taking 
divergence to the momentum equation of (2.4), that 

-AnA,n = div(a„Vn;^,„) - /i div(a„ AnA,n) + div(un • Vux,n), 
from which, (2.7), and the fact divu^ = 0, so that 

div(u„ • V«A,n) =divft(-u^ • VhUx^n) + div/j(u;^9dUA^„) 

we deduce that 



||VnA,„(t)|| dr <C\ \\ao\\L'=°\\VI\.x,n{t)\\ dr +Ml|ao||L°°||AnA,n|L dr 

Li or — I \^ Ij or — 2 £j or — 2 

(2.9) + (IknIL ^ + * )||Vu^_„|| 

+ hxnW dr IIVU^II dr \. 

In particular, if rj in (1.6) is so small that C||ao||L°° < f , we infer from (2.9) that 

\\VUx,n{t)\\ dr <C\fi\\ao\\L^\\Aux,nLdr dr ||V«^ II dr 

+ II4IL _^fe^||V<„|L dr +||<„|| dr IjVtX^IL ^ 

Notice on the other hand that we can also equivalently reformulate the momentum equation of 
(2.4) as 

(2.11) < = <i+ / e'^(*-^)^{-u„V< + /xa„A<-(l + a„)ain„}ds for i = 1,2,3, 

Jo 

and Un,L ^ e'^^^Sn+NUQ, from which and (2.8), we write 

<L exp{- ^Vi/i,n(i') + A2/2,n(iO) dt'] 



(2.12) ^ 

Jo 

{-?x„Vma,„ + l^an^ux^^ - (1 + an)V/jnA,„} ds. 



+ re'^(*-^)^exp{- [\xih,nit') + ^2f2,n{t'))dt'} 

•/ s 
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Applying Lemma 2.1, Lemma 2.2, (2.7), and (2.9) leads to 

lji^~^\\VUxn\\ , dr +n\\AUxJ\ dr 

(2.13) +/x||ao||Loc||A<J|^^^^^^ + ||n:^||^,^^^^^||V<J|^^^^^^^^ 

+ (/*e-^i'.*(^i/i-(*')+^^/^-(*'))«!*'(||4(5)||'^ WVul^isW ar 

+ ll<nir^l|V<(s)|r <^)cis)'| for t<T;. 
Then as C||ao||L°° < |, and 

1 



llfi dr 



<C||VMn|| dr , ||Anx„|| dr < 



7%.-AirrA.„(o<i*'||4_^(,)|r IIVu^ J.)!!-; d.)' < 

so that we infer from (2.13) that 

/X^"^||VU^ „|| „ dr +/^||A^^^„|| dr 

Taking Ai = ^2r-ij, ^2 = ^.^-i in the above inequality, we obtain 



3 1 

-/i^"^||V«x „|| , dr +/X||A«^„|| dr 

^^^^^ II A,nll^2r(i2F=T) '^ll A."IIl^(L3F=^) 

<C/X^~r||M'j|| . +^2-i|| II _^ II h|| ||VU^„|| dr 

_ A- II Ull^-1+- A- II Ulli. II nll^2r(^?^)ll A,n 1 1 ^2r(^^F=T) 



Let ci be a small enough positive constant, which will be determined later on, we denote 
(2.15) fn'^^^sup{T<T*; /.^ ||V<||^^^^^^^ + || A<||^^^^^^ < ci/x }• 

Then it follows from (2.8) and (2.14) that for t < f „ 

l:U^\\Vu'l\\ dr +Llr\\Au'l\\ dr 



(2.16) < C'dl^^oll .-1+1 +/^l|aol|L-) 

xexp|-a [\fi'-''lVui{s)f^^ +f^'-l\^<{sW^)ds}. 



n II rfr 
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On the other hand, it follows from a similar derivation of (2.13) that 

it^~^||V'U^|| dr +it||An^|| dr 

<u}-~^\\S/u^ t\\ dr + aWAvi t\\ dr + C-j /xllaollLoo IIAu, 

+ (ll'"nll dr +||uf,|| „ dr )||Vti!!|| ^ dr 

+ \Wn\\ o * , dr \ for t<r* 

from which and (2.15), we deduce that 

it^llAuf?!! dr + a'^WVuiW dr 

1^ II nll^,^^3^j A- II nll^2,(^^^ 

<2C||^x^|| d +2Cci/i(l + llaollLoo) for i < T„. 
Substituting (2.17) into (2.16) leads to 

<C(||4||._,^d+//||ao||Loo)exp{a/^-2n|u^f-^ dU^M for i < 

as long as Cr is sufficiently large and cq is small enough in (1.6). This shows that Tn = T*. Then 
thanks to (2.17), (2.18) and Theorem 1.3 in [21], we conclude that T* = oo and there holds (2.5). 
By virtue of (2.5) and (2.9), we infer 

||Vn„|| dr <C|//||ao||L-||Au„|| dr + (||Vt/^J|| dr 

+ l|V«n|| , dr )\\Vu'l\\ , dr ] 

II "■llj;,2r(^2F=T)>'ll 1 1 ^2r 2F=T ) J 

<C/X~-77(||U^|| _i^d +77 + c/x), 

B ^ 

for some small constant c, which leads to (2.6). This completes the proof of the proposition. □ 
We now present the proof to the existence part of Theorem 1.1 in the case when 1 < p < 37^2- 
Proof to the existence part of Theorem 1.1 for 1 < p < Indeed thanks to (2.4) and 

I dr I 

(2.5) , (2.6), we infer that {dtUn} is uniformly bounded in U' {M. : L'-^^-'^ (M. )), from which, (2.5), 

(2.6) , and Ascoli-Arzela Theorem, wc conclude that there exists a subsequence of {a„, Vn,„}, 

which we stiU denote by {a„, u„, Vn„} and some (a, u, VU) with a G L^(M+ x R'^), Vu G L2' (M+; (M'')) 
and Au, Vn G L''(M+; L^(M'^)), such that 

Qn^a weak * in (R+ x M"'), 

dr 

Un^u Strongly in Lf;,(M+; Lf^'^ (M'^)), 

(2-19) dr 

Vun^Vu strongly in L2;,(R+; Lf^'^ (M'^)), 

A«„-^A?x and Vn„ ^ Vn weakly in L''(M+; L^?^ (M"^)). 
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Obviously, (a„, Unj'VUn) satisfies 

/ / anidtcp + Un ■ V (p) dx dt + / Sn+Nao(,x)4>{0,x) dx = 0, 
Jo Jk'' Jr'^ 

/ div Un(l> dxdt = and 

/ \un- dt^ - {Un ■ VUn) • $ + (1 + a„) {fJ,AUn - VH^) • $| 

JO Jm.'^ ^ 

+ / Sn+NUQ ■ ^>(0,x) dx = 0, 

for all the test function (/>, ^> given by Definition 1.1. 

Therefore thanks to (2.19), to prove that (a, n, VII) obtained in (2.19) is indeed a global weak 

solution of (1.2) in the sense of Definition 1.1, we only need to show that -rr — — ^ ti— almost 
^ ' 1 J l+an 1+a 

everywhere in M"^ x R'^ as n ^ oo. Toward this, we shall follow the compactness argument in [24] 
to prove that {a„} strongly converges to a in U^^iW^ X W^) for any m < oo. In fact, it is easy to 
observe from the transport equation of (2.4) that 

dtal^ + div('Una^) = 0, 

from which, we deduce that 

(2.21) dt'cfl + div(ua2) = 0, 

where we denote to be the weak * limit of {a^}. 
While thanks to (2.19) and (2.20), there holds 

dta + div('ua) = 



dr 



in the sense of distributions. Moreover, as Vn G L''(M"'"; L2r— i (M"))^ we infer by a mollifying 
argument as that in [15] that 

(2.22) dta^ + diY{ua^) = 
Subtracting (2.22) from (2.21), we obtain 

(2.23) 9t(a2-a2) + div(u(a2-a2)) = 0. 

Notice that {Sn+NO,o} converges to ao almost everywhere in M*^, which implies {a? — a^)(0, x) = 
for a. e. a; G M'' . Whence it follows from the uniqueness theorem for the transport equation in [15] 
that 

(a2 - a^)(i,a;) = for a. e. (t, x) G M+ x M'', 
which together with ||a„||Loo < ||ao||Loo implies that 

(2.24) an ^ a strongly in L'{^c{M^ x M'') for any m < oo. 

Thanks to (2.19) and (2.24), we can take n — t- oo in (2.20) to verify that (a, u, VII) obtained 
in (2.19) satisfies (1.4) and (1.5). Moreover, thanks to (2.5) and (2.6), there holds (1.7). This 
completes the proof to the existence part of Theorem 1.1 for p G (1, 3^1^ ]• ■ 
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3. Proof to the existence part of Theorem 1.1 for 3^ <p < d 

In this case, as — 3 + | < — ^, it is impossible to find some pi > p and ri > r so that ~3 + ^ = 

— ^. However, notice that for all pi > p and ri > r, Auq G Bp^^n''^ 0^'^), then we deduce from 
Proposition 2.1 that t^^^~^^~'^ Ae^^uo G L''i(M+;LPi(M'')). Similarly, we choose P2 > i and 
P3>d with ^ + ^ = ^, there holds Ve*^uo G L''i(M+; LP2(M'«)) and t^^^~^'' e^^uo G 

L°°(R+; (M^)). With these time weights before e*^uo, Ve^^uo and Ae*'^'Uo, to prove the existence 
part of Theorem 1.1 for < P < d, wc need to use the following time- weighted version of maximal 
LP{L'^) regularizing effect for the heat kernel: 

Lemma 3.1. Let 1 < p,q < 00 and a a non-negative real number satisfying a + | < 1. Let A 
be the operator defined by Lemma 2.1. Then iff^f G L*'((0, T); L«(M'^)) for some T G (0,oo], 
f^Af G LP((0,T);L''(M'^)), and there holds 

(3-1) < ^P"/IIl^,(l.)- 

Proof. We first split the operator A as 

(3.2) ^^^(Jj + f^^^^^'"^^fds=^Aif + A2f. 

Note that when s G t"^ is comparable to s"^, so that it follows from the proof of Lemma 7.3 

in [25] that 

(J 

II*°-^2/||lP(L9) < — WfWv^^Li)- 

To handle Aif in (3.2), we write 

- a 

f'Alfit) = * ^ IJiit - s)AeMt-^)A(^a_^) 

Jo - sjs 

As jitAei^*^ is a bounded operator from L«(R'') to L«(M'^), we have 

Let i=^«(s) = P"/(5)|| L'J(K<*) ^^"^ using the change of variable that s — tr, we obtain 

P"-4i/(i)||^,(j,.) < ^l_\ya P-itT)dT, 

from which and Minkowski inequality, we infer 

H' JO M — 7-17- p 

which along with the fact: a + ^ < 1, concludes the proof of (3.1). □ 

In order to heal with the estimate of u and Vu, we need the following lemmas, which will be 
used in the proof of both the existence part and uniqueness part of Theorem 1.1. 
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Lemma 3.2. Let the operator B be defined by f{t, x) i-)- Jl^Vei'^^-'^^fds and C by f{t 

So e'**^*"*'*^/ ds. Let e > be a small enough number, vi > 1, and qi, q2, qs satisfy 2^1-2 < 5i < T^i) 

d < < oo and — + — = —. We denote 

(3.3) 5- = i(3-l-£)-l, pi = h2-±-e)-l- and = 1(1 - A - e). 

2 qi ri 2 q2 n 2 q^ 

Then ift^'f G L'l ((0, T); L"! (M^)) for some T G (0,oo], t^^Bf G L'-i((0, T); L«2(R<^)) and t^'^CJ G 
L~((0,r);L53(M'^)), and there holds 

(3.4) l|i^^^/llL?(L'<.) < 
and 

(3-5) l|i^fC/|Uoc(^,3) < 

^2'J2 

Proof. We first get, by applying Young's inequality to (2.2), that 

||Ve'^(*-^)^/(5,-)||L.2 <C{n{t - s))-"^ \\K{ _ ^ ) II ^ \\f{s)\\Ln 

(3.6) \/4/"(t - s) 

<C(M(i-s))-(^+4)||/(.)||^,,. 



Then let F^(s) =^ ||s"V(s)lk«i , we have 



i^i||i3/(i)||L.2 < C/i"^^+^^i^i Ht- sy^^^^^s-"'F%s)ds. 

Jo 

Using change of variable with s = tr and the fact that /3f — (^ + 2^) — 5^ + 1 = 0, we obtain 
t^i||H/(t)||L.2 <C/x"^^+4) /\l-r)"^^+4V-"'F^(tT)dr. 

JO 



Applying Minkowski inequality leads to 



2-^293 V " n (ir||F^||rri 



T 



<C^-(|+2^) ^'(1 _ ^)-(^ + 2^)^-^(3-i^--) dr||i"7llL^i(L«)- 

Note that the assumption: q^ > d, which together with qi < implies that < 5 + 2^)5 (3 — 
^ - £) < 1. This proves (3.4). 
To deal with Cf, we write 

e^^^^-'^^f = {ii{t - s))~4e-'^(*-^)^(-//(t - s)A)4(-A)"4/. 

Observing that for any 6 > 0, e'^(— A)^ is a bounded linear operator from L*^(M'^) to L'^'-^{W^), and 
{—A)"^/ = I • |-(<i-2<5) =1= J for < 25 < d, so that applying Hardy-Littlewood-Sobolev inequality 
gives rise to 

^3 l|e'^(*-^)^/(.)||L.3 <C(/x(t- .))-4||(-A)-4/(.)||^<,3 

<C(Mt-s))~^||/(s)||i«. 



14 J. HUANG, M. PAICU, AND P. ZHANG 

Let be the conjugate index of ri, we get, by applying Holder's inequality, that 

(3.8) ^ 

While using once again the change of variable that s = tr, we obtain 

f\t - ds =t'-^<-^'< [\l 

Jo Jo 

pi d I ~ 

=r'^'^< / (1 - T)"^''V-°^'''i dr. 
Jo 

Recalling the assumptions that q2 > Qi > 2rl-2 ^ T^' which imply 2^ri < 1 and a^r^ < 1. 

This together with (3.8) ensures that 

This concludes the proof of (3.5) and Lemma 3.2. □ 

In order to deal with the term u'^ddU in (2.11), we need also the following lemma. 

Lemma 3.3. Let s, ri, qi, and the operators B, C he given hy Lemma 3.2. Let ri > 2 and q2, 
53 satisfy ^ + ^ = ^, 7^ <q3<oo,we denote 

(3.9) ^|=l(2-l-£) and = 1(1 - 1 - e) - 1. 

2 92 2 n 

Tien if G L*-! ((0, T); L^i (R<^)) for some T G (0,oo], t^a^B/ G L°°((0, T); L«2(R<^)), i7lc/ G 
L''i((0,T);L«3(M<^)), and there holds 

(3.10) IK^^H/|Uoc(^,,) < ^^lltS^ii^ 
and 

(3.11) IK^^^C/||^n(^,3) < fh^^^Lo.)- 
Proof. We first get, by a similar derivation of (3.6), that 

\\}3f{t)\\L^2 <C/x"^^+4) [\t-s)~^^^^h-"'F%s)ds 

Jo 



Whereas using the change of variable: s = tr, leads to 

Jo Jo 

=t-^2r[ I (1 - r)"^^+^^''V-^'''i dr. 
Jo 

By virtue of the assumptions: q^ > and qi < we have < (5 + 2^)'^i) a^r'j^ < 1. As a 
consequence, we obtain 

||^/(i)||L.2 < a/x-(^+^)r^i||r7llL^i(L.O' 



II II IJrp 
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which yields (3.10). 

On the other hand, it follows the same line of (3.7) that 

||e'^(*-^)^/(5)|U.3 <C(Mt-s))"^||/(s)||L<^i, 

which implies 

Jo 

Using changing of variable with s = tr and the fact: 7! — 2^ — 5*^ + 1 = 0, we obtain 

Jo 

from which, we deduce 

IK^^'c/||^n(^.3) <ci,-^ J\i-Ty 

<Cfi-^ J\l - r)-4r-^('-^-^) ^^T||i"7llL^i(L.i), 

which along with the facts: q2 > Qi > 2rl-2 ^ i' e^isures the integral above is finite. This gives 

(3.11) and we complete the proof of the lemma. □ 

In what follows, we take ri = 2r > 2 and pi,P2 and satisfying max(p, -^zii) < Pi < d, and 
7^ < P3 < 00 so that ^ + ^ = We shall seek a solution (a,^, VII) of (1.2) in the following 
functional space: 

X = I u : a G L°°(M+ X M*^), f^^u e L'^ {R+ ; L^^ {R'^)) , 

(3.12) iT2nGL2'-(M+;i/3(R'^)), t^^Vu e L'^''{R+; ]J'^{R'^)), 

t^^Vu e L°°{R+;U'^{R'^)) f^'Au G L'^'' {R+ ; I/^ {R"^)) }, 

with the indices ai, (3i, P2, 7i, 72 being determined by (1.10). 

We construct the approximate solution (a„,'u„, Vn„) through (2.4). Similar to Proposition 2.2, 
we have the following proposition concerning the uniform time- weighted bounds of (a„,u„). 

Proposition 3.1. Under the assumptions of Theorem 1.1, (2.4) has a unique global smooth solution 
(a„,ii„,Vn„) which satisfies 



_^ /'ll+71„,(^ II I ll+72„,<i 

and 



+ ^^\\\t^'uf,\\L^(j^+.L^^^ + |K^'4llL2.(ffi+.iP3)) < C\\4\\ +C/X, 



At^^^ '^^\\t'''Aun\\Lrm+,LPi)<C{\\uo\\ +-(||u^|| +c/x + r/)), 

(3-14) , _^ 

^2(3 pi)(||rivn„||^2.(K+.iPi) + IK"^vn„||^.(j,+.^,i)) < Cr^{\\ut\\ +c/x) 

for some small enough constant c, rj being given by (1.6) and 02 by (1.10). 
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Proof. For N large enough, it is easy to prove that (2.4) has a unique local smooth solution (a„, Un) 
on [0,T*). Without loss of generality, we may assume that T* is the lifespan to this solution. For 
Ai, A2, A3 > 0, we denote 

(3.15) H f r /"* -1 
UX,n{t, X) = Unit, X) expj- {Xlh,n{t') + A2/2,n(i') + ^sfsA^')) dt' \ , 

and similar notation for n;^ „(t, x). Then we deduce by a similar derivation of (2.9) that 

||VnA,n(t)||LPi <c{||ao||L-||VnA,„(t)||Lfi + /u||ao||L- || AuA.nHiPi + hnlli^s ||V?X^,„||lp2 

+ II4IU''3||Vu^^„||lp2 + \\u'l I|v<||l..}. 

In particular, if tj in (1.6) is so small that C||ao||Lo° < ^, we obtain 

||VnA,„(i)||Lfi <c|/x||ao||L-||AuA,„||LPi + |k!:i|LP3||V4,„|UP2 

(3.16) ^ 

,n\\LP3 ||V<||lp2 . 

While it follows form (2.11) and (3.15) that 

l^L exp{- ^*(Al/l,n(i') + A2/2,n(t') + Xshnit')) dt'} 



(3.17) 



+ e'^^*-^)^ exp{- l\xih,n{t') + \2f2At') + A3/3,n(t')) dt'] 

X (-it„Vn^ „ + |Ua„An^ - (1 + an)Vh^\,n) ds. 



Applying Lemma 3.2 for e = and ri = 2r gives 

-(Ln) 



+ ||exp{- ^ (Al/l,„(t') + A2/2,n(t') + A3/3,n(t')) dt'} 

X s''! (-■ u„Vu^^„ + /xa„Au^ „ - (1 + a„)V/jnA,n) L^r^^pi), 

for indices /3i,7i given by (1.10). 

Similarly, it follows from Lemma 3.1 and Lemma 3.3 for e = and ri = 2r that 



Lf'-(LJ'i) 

+ ||exp{- ^ (Ai/i,„(t') + A2/2,n(tO + A3/3,n(i')) dt'} 

X (-UnVti^^^ + /xa„Atx^_„ - (1 + an)VhUx,n) Wqr^LPiy 
for indices ai,/32;72 given by (1.10). 
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As a consequence, we obtain, by using (2.7), that 

Then as C||ao||Loo < ^, and 

(2A3r)2r 

Vo ^ (2Air)2r 

Vo ^ (2A2r)2r- 

we infer from (3.18) that 



<M"^^'"^^||^Xo|| L||ao||L=x= + ||t^^<||L,-(LP3)||i''^V<„|L2.(^.,) 

Bpi,^^i ''(2A3r)2r- 
(2Air)2r (2A2r)2r 
Taking Ai = -^^ — 3—, A2 = — and A3 = — _^ in the above inequality results in 

(3.19) + ^P''^V<JUc«(i.,)) +/xp"iAn^,„|L2.(^,,) 

Let ci be a small enough positive constant, which will be determined later on, we denote 

f„t^sup| r<r„*; /x^"^||t^^u;j|U5o(^.3)+/x'"^||t'^^v«;:ili2,(i.,) 

(3.20) 3d 
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We shall prove that T„ = = oo as long as we take Cr sufficiently large and cq sufficiently small 
in (1.6). In fact, if f„ < T*, it follows from (3.15) and (3.19) that 



(3.21) 



(if 2) 

<C{\\4\\ .-i+i +/x||ao||L-)exp|-a l\iJr^^'\\s^'Vui{s)\\l,, 

Bp,r ^ ^ Jo 

+ M"^'+^^l^^^<(^)|irP3+A-^''P"A4(.)||i';0d.}. 

On the other hand, it follows from a similar derivation of (3.18) that 
(3.22) <,i-'^^'-^i^\\u^J +c{fi\\ao\\L'^{\\t-'Au';,\^^^^ 



B ^ 

+ (l|i^^<llL-(LP3) + \\t'''<\\L^iLP3))\\t^''^<\\Lr{L^2) 
+ \\t^'<\\Lr{L^s)\\t^'^U^n\\Lr{L^^)} * < ^n, 

from which, (3.20) and taking cq small enough in (1.6) so that C||ao||L°° < 5, we deduce 
< 2C/i~^(i-^)||^j^|| _ , +2Cci//^^^+^^(l + IIooIIl-) for t < T^. 

which implies 

(3.23) + ||i'3^V<|Uc«(^.,)) +/x^('-^)||t"iA4|L2.(^.,) 

< 2C||tx^|| +C/X for t < fn. 

B ^ 

Substituting (3.23) into (3.21) leads to 

(3.24) + p^^V<|Uc«(i.,)) +/x^('-^)p«iAn;:iL2.(^.i) 

<C(||4|| +H|ao||Loo)exp|c,/x-2-|Kf'- ,| < %M for t<Tn, 

as long as C,. is sufficiently large and cq small enough in (1.6). This contradicts with (3.20) and it 
in turn shows that Tn = T*. Then thanks to (3.23), (3.24) and Theorem 1.3 in [21], we conclude 
that T* = 00 and there holds (3.13). It remains to prove (3.14). Indeed, similar to (3.22), we get. 
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by applying Lemma 3.1, that 

|U||t"2Au„||i^(K+;Lfi) ^/^ "1 ll'"o|| .-1+1 + C'|/^||«o||L°°||i"^An„||^,.(]K+;LPi) 

+ (ll*'''^^nllL2'-(R+;LP3) + ll*'''^^nllL2'-(R+;LP3)) ll*'^^^^nllL2'-(E+;LJ'2) 
+ 1 1 ^^n 1 1 L^r (R+ ;LP3 ) I 1 1 i2r (^pj ) | , 

which along with (3.13) and the fact: C||a,o||L^ ^ \^ gives rise to the first inequality of (3.14). 
Along the same line, one gets the estimate of ||i"^Vn„||^T-(]K+.iPi) in (3.14). Whereas it follows 
from and (3.16) that 

+ ll*'^^^nllL°°(]R+;LP3)ll*'^^Vu„||^2r-(]R+.iP2) + ||*'^^'"n||L2r-(]R+./,P3) H*'^^ VuJ^||2,<x.(]R+.iP2) | , 

from which and (3.13), we obtain the estimate of Vn„||j^2r(]R+.^pi) in (3.14). This completes 
the proof of the proposition. □ 

Now we are in a position to complete the proof to the existence part of Theorem 1.1 for the 
remaining case. 

Proof to the existence part of Theorem 1.1 for p G (5^^,^)- Notice that p\ < d ensures 

a2r' < 1, so that for any T > 0, we deduce from (3.14) that Au„ = t~"^(t"^Ati„) is uniformly 
bounded in L'^i ((0, T); L**^ (M'^)) for some ri € (l,oo). Similarly we infer from (1.10) and (3.13) 
that {Vn„} is uniformly bounded in L'^'^{(0,T); L'^'^lR"^)) for any T2 < 2p2-d ' {^n} is uniformly 
bounded in L^3((0, T); L^^ (R'^')) for any rg < Moreover as + ^ = 1 " 2^ and 

pi < d, we can choose T2 and T3 so that ^ + ^ = ^ < 1. This together with (2.4) implies 
that {dtu„} is uniformly bounded in L^i((0, T); L^i (M'^)) + L^'4((o, T); L^i (M'^)) for any T < 00, 
from which, Ascoli-Arzela Theorem and p2 < we conclude that there exists a subsequence of 

{dn, lin, Vlln}, which we still denote by {a„, Vn„} and some (a, u, VII) with a G L°°(]R''' x R'^), 
u G L[3^(M+;LP3(M'^)) with Vu G LJ^Jr+ ; LP'' (R'^)) and A«, VH G LJ^{R+ ; LP^ {R'^)) , such that 

Qn^a weak * in L;^^(1R+ x R'^), 

Un^u strongly in LS^(M+; Lf^,(M'^)), 

Vun^Vu strongly in L[^^(M+;Lf4(M'^)), 

A^n-^Aw and Vn„ ^ Vn weakly in Lj^^{R+ ; 1/^ {R"^)) . 

With (3.13), (3.14) and (3.25), we can repeat the argument at the end of Section 2 to complete the 

dr 
3r-2 

4. The uniqueness part of Theorem 1.1 



proof to the existence part of Theorem 1.1 for the case when < p < d 



With a little bit more regularity on the initial velocity, namely, no G Bp^r ^ (R'^) for some small 
enough £ > 0, we can prove the uniqueness of the solution constructed in the last two sections. This 
result is strongly inspired by the Lagrangian approach in [13, 14]. Nevertheless, with an almost 
critical regularity for the initial velocity field, the proof here is more challenging. The main result 
is listed as follows: 

Theorem 4.1. Let r G (l,oo), p G (l,d) and < £ < min{^, 1 - i, ^ - 1}. Let oq G L°°{R'^) 



and uq G Bp^r ^ )^Bp^r ^ (I^ ), which satisfies the nonlinear smallness condition (I. Q). Then 
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(1.2) has a unique global weak solution {a,u) which satisGes (1.7-1.9) and 

< C\\uo\\ ._i+d+eexp(C^//"^''||«olP''_i, d j, 



and 



^^{3-1— )pai^^||^^ < enroll ..^^^+.eKp(Crl2-^^\\4t_A 

^'-^ ft p \ h V / 

(4.2) /x^^'"«"'^(||t"ivn||^..(K+;L«i) + P"^vn||^.(^+.^,,)) 

< Cr/ll-uoll ._i+d+^exp(Cr/x 

D P \ 



-2riu,(i||2r 

-1+ 



■"oil .-1+4 h 



where qi,q2, qs satisfy max(jo, < qi < and ^ < < oo so that + = ^ the indices 

af , al, Pi, 7i) 72 determined by 

1 , d ,1 1 , d ,1 ^1, d 

, 1, d , 1 1, d , , 1, d , 1 

a| = - 3 £ --, /3| = ;t 2 e), tI = ;t(1 e - 

^ 2^ gi ^ r' '^^ 2^ 2^ ^3 ' 2r 

Remark 4.1. To prove the uniqueness part of Theorem 4-1, we shall choose pi = in (1.10). 
This choice of pi satisfies max(p, 2^^) < pi < d with < e < inin(l — i, | — 1). Then by virtue 
of (1.8), Au = t-°"'{t°'^Au) € L^i((0,r);LPi(M'^)) for any T < 00 and n satisfying a2< 
which implies ti < we thus take ti = While as qi < in Theorem 4-1, we can choose 

qi > d in order to get \7u € Lj^^^L'^) (see Lemm,a 4-1 below), and this is the reason we need an 
additional regularity on uq for the uniqueness part of Theorem 1.1. We shall choose qi = < 
in (4.3) later on. Then in order that Au G L"^? ((0,T);L^'i(R'^)), we have «! < 7? — f ? ^'^'^ hence 
we take rf = ^ < 

It follows from the existence proof of Theorem 1.1 that: in order to prove the solution constructed 
in the last two sections satisfies (4.1) and (4.2), wc only need to prove that the same inequalities 
hold for the approximate solutions (an,u„, Vn„) determined by (2.4). 

■ — 3+-+e 

We now turn to the uniform estimate of (u„, Vn„)„gN when the initial velocity uq G Bp ,. ^ (M*^) 
for some e G (0, min{i, 1 - ^, | - 1}). Notice that for all qx>p and ri > r, Auq G B^^X"^ ^^)' 
then we deduce from Proposition 2.1 that t^^^-^-^)-;^ Ae*'^uo G L^i (M+; L^i (I^"*))- Similarly, 
we choose 5^2 > 9^7 and > with ^ -\- ^ = there holds t^^^"^^"^)"?! Ve*'^uo € 

U^{R+;Li^{W^)) and t^^^'^^^'^e^^uo G L°°(R+; L93(M'^)). We thus take n = 2r > 2 and 91,^2 
and 53 satisfying max(p, < Qi < < qs < 00, and ^ + ^ = ^- We shall investigate 

the uniform estimate to the solutions (a„,u„, VII^) of (2.4) in the following functional space: 

X = I u : a G L°°(M+ x M<^), t^^u G L°° {R+ ; L^^ {R'^)) , 

(4.4) f^^u G L2'-(R+; L«3(M<^)), t^'Vu G L^''{R+; L«2(R'«)), 

Vu G L~ (R+ ; (R'^') ) i«! An G L^'^ (R+ ; L'^' (R"^) ) } , 
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with the indices af, f3f, Z?!, Tf, 71 being determined by (4.3). Note that af / f3f + 7?, but 
af = /3i + 7i = /5f + 72 with ^1 = 1(1 - A) _ ^ and 72 = ^(2 - |) - A;. Then we can apply 
Proposition 3.1 to prove the fohowing proposition concerning the uniform time- weighted bounds of 
(an,Un, Vn„). 

Proposition 4.1. Under the assumptions of Theorem 4.1, (2.4) has a unique global smooth solution 
(anjUnj'VIln) wMch satisGes 

(4.5) +/^'^^~'3"^''(||t^in„||^oo(K+;Lffl) + \\t'^''Un\\L2r(^^+.Li3)) 



< C\\uo\\ ._i+d+,exp(Cr/i ^ni«of''_i+d ), 



and 



(4.6) /i^^'~«"'^(||t"ivn„||^2.(K+.^,i) + ||t"^vn„||^.(K+;L<^i)) 

< Cr7||uo|| ..i+d+.expfa/x-^nko"^'' 



I .-1+ 



for some constant C and a|, /3?, 7?, i = 1, 2, giveii hy (4.3). 

Proof. For iV large enough, we aheady proved in Proposition 3.1 that (2.4) has a unique global 
smooth solution (a„, VIIji). It remains to prove (4.5) and (4.6). In order to do so, for Ai, A2 > 0, 
we denote 

gi,n{t) = \\i^'Vui{t)\\%„ g2,n{t) =^ P^^<(t)||r.3, 

(4.7) rt 

UX,n{t,x) = Un{t,x)exp^- {M9l,n{t') + X2g2,n{i')) dt' j , 

and similar notation for Ilx^n{t,x). Then it follows from a similar derivation of (2.10) that 

||VnA,n(t)||L« <c|/x||ao||L-||A'UA,n||L« + I^A.nllL^s ||V<||l« 

(4.8) ^ ^ ^ ^ ^ 

+ ||Vt(;^^„||L92 + ||'"A,nlli''3 I|Vu„||l'J2 >. 

Whereas by virtue of (2.11) and (4.7), we write 

UX,n =Un,L expj- J (AiC/i,„(t') + \2g2,n{t')) dt'^ 



(4.9) 



+ e'^^*-^)^ exp{- j\\m,n{t') + \292,n{t')) dt'} 



X {-Un ■ ^UX,n + IJ'an^Ux,n - (1 + an)^'^X,n) ds. 

For 7f , given by (4.3), we get, by applying Lemma 3.2 for ri = 2r, that 

d J- 1 I d as 

At 292 ||t''ltiA,n||Lj°°(L«3) + ||riVUA,„||i2r(^92) 

</X ^ 1 1 t^l 1 1 (i,3 ) + ^ ^ P^l' VU„,L 1 1 i2r (i«2 ) 

+ ||exp{- ^ (Ai5i,„(t') + X292,n{t')) dt'} 

X S°i (-Tin • Vux,n + l^an^Ux,n " (1 + an)VnA,n) (Ln)" 



22 J. HUANG, M. PAICU, AND P. ZHANG 

Similarly for 1^2 ^i' ^® deduce from Lemma 2.1 and Lemma 3.3 for r\ = 2r that 

/X^||tT'2«A,n||L2r(^,3)+/x2+4||t/3|VuA,„||L-(L<,2) +/x||i"iAuA,„|L^ 

+ ||exp{- / (Ai5i,„(t') + A252,n(i'))^^i'} 

J s 

X s'*i(-'U„ • VtXA.n + IJ-an^Ux^n " (1 + an)VnA,„) || j;,2r(i,i ) • 

Hence, by using (2.7), Proposition 2.1 and (4.8), we obtain 

//^(pTiUA,„||L-(L93) + ||i^2^^A,n||L2'-(L93)) + /X^^^ (P'^i V«A,n||Lf (L«2) 
+ \\t'^'^Vux^n\\L^{Li2)) +M||i"^AMA,n||i2r(^9i) 

+ l|i"^^<nllLr(L.3)||t'^^V«;j|L2.(i.,) 

+ (jr%-2./;(Am,.(0+A2.2,„(0)<^t'(||,724(,)||2.^||/IV<„^ 

+ iN"^^<n(^)iir«3ik'^^v<(s)iir.2) d.)^}. 

Then as C||ao||L<x) < ^, and 

e-2A../*.,„(0^*'||,7f^^^J|2.3P^.V<(.)||i^,2 d.)^ < — ^P-^<J|Lr(L.3), 

^ (2Air)2r- 

e-2A2./^2.„(t')<it'||,72„^(,)||2.3p/3|Vn^ J,)||2r, rf,)^ < ^_^||/iv<J|^^(i,2), 

^ (2A2r)2T- 



a 



we infer from (4.10) that 

^4(pTfuA,„||L-(L«3) + \\t^^Ux,n\\L'f-iL^3)) + fJ-^^^ {\\t^^^UX,n\\L^{L''2) 
+ P'^lVuA,n|lL2r(^,2)) + /X 1 1 t"lAMA,n 11^2.(^^1) 

(2Air)2r- (2A2r)2r 
Recalling from (3.13) that 

SO that as long as cq is small enough in (1.6), taking Ai = -^^ — A2 = — _d_ in (4.11) results 

2r/i«2'' 2r/i'^^'23''' 

in 

(4.12) + l\\t^''^u1jLr{L'>2)) +/x||i"lA4„||^2.(^,,) 

R P 



WELLPOSEDNESS OF INCOMPRESSIBLE INHOMOGENEOUS NS EQUATIONS 23 

Prom (3.13), (4.7), and (4.12), we infer 

+M~^'+^^ni^^^4(^)iir^3 ds} 



which imphes (4.5). It remains to prove (4.6). In fact, we get, by applying Lemma 2.1 and (4.8), 
that 

£ — -(1 - e) ( e 

H\\t°'^AUn\\Lr^K+.Lgi) 2^ « ||mo|| +C|^||ao||L°°P"2Au„||j;,,(R+.^qi) 



^ 1 1 L^'^ (M"*" ;L^2 ) 

+ 1 1 ^''^^ 1 1 L'^r (M+ ;L93 ) 1 1 1 1 ^2r (R+ ;L92 ) } , 



which along with (3.13), (4.5) and the fact: C||ao||Loo < i, gives rise to the first inequality of (4.6). 
The second inequality of (4.6) follows along the same line. This completes the proof of Proposition 
3.1. □ 

To prove the uniqueness part of Theorem 4.1, we need the following lemma: 

Proposition 4.2. Let ai, ^i, /52, 7i, 72, SLndpi,p2,P3 be given by Theorem 1.1, iff^^f, f^^Vg, t°^^R G 
L2'-((0, T); LPi {W^)). Then the system 



' dtv- Av + VP = f, 

divv = g, 
dtg = div R, 
v\t=o = 0, 



(4.13) 

has a unique solution (v, VP) so that 

+ \\{t'''dtv,t-'V\t-^VP)h2r^L^,) < C\\{t-^f,t-^Vg,t-^R)h2r^L,,y 
Proof. We first get, by taking space divergence on (4.13), that 

AP = dw{f + Vg-R), 

which implies 

II^^IIl'3(R'*) ^ C\\{f,Vg,R)\\^g(^-^dy 
for any q G (1, 00). On the other hand, we have 

(4.15) v= [\^*-'^^{f -VP)ds, 



from which, (4.13), Lemma 3.1, and Lemma 3.2 and Lemma 3.3 for e = and ri = 2r, we deduce 
(4.14). □ 
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Lemma 4.1. Let (a, n) be a global weak solution of (1.2), which satisfies (1.8-1.9) and (4.1-4.2). 
Then for any e G (0, min{l — f , ^ — 1}), one has 

V^ull 8 +||V'U|| 8 <CTe, 

- a—s ^ - " - ><—*=■ ^ - — V ' 

t"Ww||i2r(^oo) + P"W^M||i,2r(Ld) < Ct,£ for auj T < oo . 



(4.16) Ll-'C^'') " "L^-'(L-o) 



n 8 d , 8 2d , 

Proof. We first deduce from Remark 4.1 that V^ix G L5^((0, T); (M'='))nL^ ((0, T); (M"*)) 



for any T < oo. Then applying Holder's inequality yields 

1 _ 2 

2d 



(4.17) l|V'«|| 8 <\\VM' s , l|V\||^ 8 2, <Ct,.. 

Whereas by virtue of Lemma A.l, one has 

iiV'uii 8 <y^iivA,-uii 8 +y^iivA,- 



<\\V^U\\ 8 d +||V\|| 8 2d <CT,e, 

which together with (4.17) proves the first line of (4.16). The second line of (4.17) follows along 
the same lines. □ 

Thanks to Lemma 4.1, we can taking T small enough so that 

(4.18) r \\Vu{t)\\L^dt<l. 

Jo ^ 

As in [13, 14], we shall prove the uniqueness part of Theorem 4.1 by using the Lagrangian 
formulation of (1-2). Toward this, we first recall some basic facts concerning Lagrangian coordinates 
from [13, 14]. By virtue of (4.18), for any y G M'^, the following ordinary differential equation has 
a unique solution on [0, T] 

(4.19) = «(t, X(t, y)) y(t, y), X{t, y)\t=o = V- 

This leads to the following relation between the Eulerian coordinates x and the Lagrangian coor- 
dinates y: 

(4.20) x = X{t,y)=y+ [ v{T,y)dT. 

Jo 

Let Y{t,-) be the inverse mapping of X{t,-). Then DxY(t,x) = {DyX{t,y))~^ for x = X(t,y). 
Providing DyX — Id is small enough, we have 

oo ..f 

D,Y = (Id + {DyX - Id))-^ = y2i-l)\ Dyv{T,y)dTf. 

k=o 

We denote A{t,y) ^= {VX{t,y))-'^ = VxY{t,x), then we have 

(4.21) Vxu{t,x) A(t,x)Vyv{t,y) and div u{t, x) = diviA{t,y)v{t,y)). 
By the chain rule, we also have 

(4.22) divj; (A-) A: Vy. 

Here and in what follows, we always denote ^ A the transpose matrix of A. 
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As in [13, 14], we denote 
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defr 



def 



def 



(4.23) 



A-Vy, div„ = div(^-) and A„ = diVuV„, 

bit,y)=^a{t,X{t,y)), vit,y) "^^^ u{t,Xit,y)) and P{t,y) =^ U{t, X{t,y)). 



(4.24) 



Notice that for any t > 0, the solution of (1.2) obtained in Theorem 4.1 satisfies the smoothness 
assumption of Proposition 2 in [14], so that (6, VP) defined by (4.23) fulfils 

f bt = 0, 

dtv - (1 + b){fiA^v - VuP) = 0, 
div„ V = 0, 
{b,v)\t=o = (ac-uo), 

which is the Lagrangian formulation of (1.2). For the sake of simplicity, we shall take = 1 in 
what follows. 

We now present the proof of Theorem 4.1. 

Proof of Theorem We first deduce from the proof to the existence part of Theorem 1.1, (4.5) 
and (4.6) that the global weak solution (a, ii, VII) constructed in Theorem 1.1 satisfies (4.1) and 
(4.2). It remains to prove the uniqueness part of Theorem 4.1. 

Let (oj, iij, Ilj), j = 1,2, be two solutions of (1.2) which satisfies (1.8-1.9) and (4.1-4.2). Let 
Xi, {vi,Pi),Ai,i = 1,2 be given by (4.20) and (4.23). We denote 



then {Sv,SP) solves 
(4.25) 



Sv =^ V2 — Vl, SP =^ P2 — Pi, 



' dtSv - ASv + VSP = ao{A6v - VSP) + 6fi + 6/2, 

div 5v = 5g, 
dtSg = div^i?, 
Sv\t=o = 0, 



with 



def 



5fi = (1 + ao)[{Id A2)V5P ~ 5AVPi], 



def 



6f2 /i(l + ao) div[(^^ ^2 - Id)V6v + {AIA2 - A{Ai)Vvi 



def 



5g = {Id - A2) : DSv - SA : Dvi, 
SR 'M dt[{Id - A2)6v] - dt[6Avi]. 
In what follows, we will use repeatedly the following fact (see [13] for instance) that 

(4.26) 6A{t) = { D6vdT){Y, CjC^-^-^) with Ci{t)=^ l" Dvidr. 

Let the indices ai, /3i, /?2, 7i and 72 be given by (1.10). As in Remark 4.1, we take pi — and 
P2,P3 satisfying ^ < < 00 and ^ + ^ = ^. We denote 



(4.27) 



G{t) =^||i^MH|L-(LP3) + \\t'''Svh2r^LP3) + \\t^'V6vh2r^Lr'2) 

Then we deduce from Proposition 4.2 and (4.25) that 

(4.28) G(t)<C(\\e^Sfi\\ d +\\t'^'5f2\\ , d +\\e'VSg\\ ^ d +\\e'SR\\ , d ) 



26 J. HUANG, M. PAICU, AND P. ZHANG 

as long as C||ao||Loo < ^• 

Let us now estimate term by term on the right-hand side of (4.28). We first get, by using (1.8) 
and (4.18), that 

< l|Vt;2|Li(Loo)G(t) + ||V5t;|| , (p"iVPi|L2.(^,,))^(||t"iVPi|L2.(^<,,))i-^ 



, d 



d pi gi 



for 9 determined by 4 = — + ^—^. However by virtue of Sobolev embedding theorem, VF^'i+e (M*^) ^ 



Le(R<^), one has 



we obtain 

(4.30) Wf^'^hW d <ri{t)G{t), 

for some positive continuous function r]{t) which tends to as i ^ 0. Along the same line, we 
deduce 

\\r^V{{Id- A2) : Ddv)\\ , a 

<\\DA2<^e'D6v\\ ^ d +\\{Id- A2)®t''^D'^5v\\ ^ d 



< \\r'V^6v\\ d m\2\\LliL'i) + ||V^;2||ii(Loo)), 



and 



iLfCLT+F) 



< i^^--'^p"^V2<5^;||^^^^^^^(||i"^V^;i|L2.(^oo) + P"^VV|L-(^d)). 

So that for all t G [0,r], we get, by using (4.16), that 

(4.31) \\e^V5g\\^^^^^^^^<v{t)G{t). 

The estimate to the term 6/2 can be handled along the same line. 

To deal with 6R, we denote Dv\^2 to be the components of Dv\ and Dv2- Then we get , by using 
(4.26) once again, that 

\\e^dt{{Id- A2)5v)\\ d <\\t^'Dv2t'^^5v\\ ^ d +\\{Id- A2)e^dt5v\\ ^ d 



\\t^^5v\\ 



^ 11" • "^111.- -"11^4- 

-L IIV7',,„II , „ 



+ \\'^V2\\Ll(L^)W^dt5v\\^^^^^^^ 
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and 

for given by ^ = ^ + Hence it follows from (1.8) and (4.1) that 

(4.32) Wf^'Sm d <r]{t)G(t). 

Substituting (4.30-4.32) into (4.28) results in 

(4.33) G{t)<n{t)G{t), 

which implies the uniqueness of the solution to (1.2) on a sufficiently small time interval. Then 
uniqueness part of Theorem 4.1 can be completed by a bootstrap method. This concludes the proof 
of Theorem 4.1. □ 

5. Proof of Theorem 1.2 

The goal of this section is to present the proof of Theorem 1.2. Indeed given ao G L°°{W^) n 

B}^{m.'^), uq G B~1'^'^~\W^) n IBpl'^'^iW^) with ||ao|| being sufRciently small and p,q,e 

satisfying the conditions listed in Theorem 1.2, we deduce from [19] that there exists a positive 
time T so that (1.2) has a unique solution (a,?x, VII) with 

a e C([o,r];L~(R<^) n bIXH^'^)), u e Lf{B~l'^^~') n L^T{Bp^r^~') 

and Vn G L]^{Bp^r ^ ) for s = and e. 

We denote T* to be the lifespan of this solution. Then the proof of Theorem 1.2 is reduced to prove 
that T* = oo. 

~ ■ —!+-—£ ~ . — 1+- 

5.1. The estimate of the density. Notice from (5.1) that u G L}p{Bp^r ^ )^L\,{Bp^r ^), which 
is not Lipschitz in the space variables, the regularity of the solution a to (1.2) may be coarsen for 
positive time. In order to applying the losing derivative estimate in [6], we first need to prove that 



u G -L^(Cm) ^(0 = ?-(-logr)" and some a G (0, 1). Indeed, let u G L^iBp^r" ^) n L^Bp^r"] 

dcf 

for some e > 0, we denote 9{t,x,y) = \u{t,x) — u{t,y)\. Then similar to the proof of Proposition 
2.1 in [8], for any positive integer N and £i > 0, one has 



e{t,x,y)<\x-y\i2 + N)^--r+'' ^ 



|VAjn(t)||L°° 

i<j<N 



+ 2 Y: 2-(2+^-)(2 + ,)^-H^i^!!^^2!ifk 



j>N 
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Note that 2^a;° with < a < 1 is a decreasing function, we get, by taking N = [1 — log \x — y\] — 2 
in the above inequahty, that 



9{t, X, y) < C\x - y|(l - log \x - y\)^-"r+'' ^ 



VA.u{t)\\L' 



from which, we infer 



(5.2) 



9{t,x,y) 

sup J at 

Q<\x-y\<i \x — y\{l — log \x — yl)"*^^?^^^ 



i>-i j>-i ^) 

where r' denotes the conjugate number of r. 

On the other hand, it follows from Lemma A.l that 



so that 

which together with (5.2) and Theorem 3.33 of [6] (see also [12]) implies that 
(5.3) ||a|L d.s < Cellaoll d , ^ expi Ce(||ii|L i+d_^ + IklL 

for any i < r, ^ < 1 + ^ and < £ < 1 + ^ - f 

5.2. The estimate of the pressure. We first get, by taking space divergence to the momentum 

equation of (1.2), that 

-An = div(aVn) - /xdiv(aAu) + div/^ div^(ti'* «) vl") + diYuiu'^ddu'') + daiv!" ■ Vhu'^) + dl{u'^f. 
Thanks to div n = 0, one has 

which gives rise to 

-An = div(aVn) - n div(aAu) + div,j div^('u'' ®v!') + 2 dwh{u'^ddU^) 

^^'"^^ - Sddiu'^ divft u'') - divhiu'' diwh u^)- 

The following proposition concerning the estimate of the pressure will be the key ingredient used 
in the estimate of the horizontal component of the velocity. 

Proposition 5.1. Let l< q < p < 2d, r > I and ^ < e < ^ - I. let a L^{L'^) D L^{Bloo), 

u G L^{Bp^r ^ ) n L\,{Bp^r^ ), for s = and £, be the unique local solution of (1.2) given by 
(5.1). We denote 

(5.5) /(t) =^||«''(t)f."_,+ d+i and n/=i^nexp{-A / f{t')dt'] for A > 0, 
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~ . —!+-—£ ~ . —1+^ 

and similar notation for u\. Then (5.4) has a unique solution VII G L^{Bp^r ^ ) H L\,{Bp^r ^) 
which decays to zero when | a; | ^ oo so that for all t e [0,T], there holds 

livn.ii < ^ {lhAll'"^+._. IKaP 

(5-6) {l^\\a\\ ^ , +\\u^\L 

+ /x||a|| _ d ||^i'^|L r ^or s = 0,£:, 

provided that C\\a\\ d < i, and where the norms of Ll{Bpr'' ) and L\ f{Bpr^ ) 

L5?(L°=)nL5?(s«oo) 
are given by Definitions A.2 and A.3 respectively. 

The proof of this proposition will mainly be based on the following lemmas: 

Lemma 5.1. For s < -, one has 

pi 

\\9h\L^ <ll5lL^ .-1+1 \\h\L^ +\\g\L^ \\h\\^^ . 

Proof. Applying Bony's decomposition ([7]) gives 

j'>j-No 

from which and Lemma A.l, we infer 

\\^ji9h)\\Ll{LP) ^ Yl {\\^j'9\\L--{L^)\\^j'h\\Li^LP) + \\Aj,g\\Li(^LP)\\Sj'+iH^ 

j'>j-No 

(-Bp,r ) (Sp,r ) 

<c,-,2-^'(i-^)(||5lL^ \\hL^ +||ff|L^ ||/i|L^ 

where and in what follows, we always denote {cj^r)jez as a generic element of so that 

X^jgz '^i r = 1- Then by virtue of Definition A.2, we complete the proof of the lemma. □ 

Lemma 5.2. Let 1 < p < 2d, s G (— i, ^ — 1) and f be given by (5.5). Then under the assumptions 
of Proposition 5.1, one has 

(5-7) IkWil < Wu'^W'-^^^d , ^ , 

Ll(Bp,. ^ ) Li(^p> ^) 1^1 f {Bp/" ) 



and 



^ti Pif ^ ) ^t°i P>f ^) Pj^^ ) ^t^iBp^r ^ ) ^ti P>f^) 

Proof. We first get, by applying Bony's decomposition (A. 5), that 
(5.9) u'^Vu'^ = T^dVu'' + f^^hu'^ + R{u'^, Vu^). 
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Applying Lemma A.l gives 



\\A,{T,aVu'^){t')U. < 2^'\\Sr-iu''{t')\\L^\\Aj,u\t')Ur 

\j'-j\<5 



Ii'-j|<5 



integrating the above inequality over [0, t] and using Definition A. 3, one has 
||A,-(T;dVu'^)||ii(^.) 



\j'-j\<5 ^P-^ 



~Cj,r^ II" IL .i+rf-s II" IL • 

It follows from the same line that 

||A,(rv„.n'^)(Ol|Lp< E \\Sr-iVu\t')\\L^\\A,,u'{t')\\LP 

\j'-j\<5 



e<j+4: 



from which and s > —-, we infer 



l|A,(rv«'>«'')llLi{L.) 

<2-^•(-l+^^) ^ r ||,'^(of:_^^,^j|A,.'^(oiiL.di'}^iiA,.^oiil.(t) 



2r 



'J''' II" ll_ .1+^-3 

Finally, we deal with the remaining term in (5.9). Firstly for 2 < p < 2d, as s < y — 1, we get, by 
applying Lemma A.l, that 



||A,(i?(u^Vt.'^))|Li(^.)<2^'^ Y 2^'/ ||A,.u'^(0||L.||A,-'u'^(OlU.cit' 

ft 



<2.| ^ 2-^'(-^+i+^) / ||n'^(i')ll.-i+i+i||A,'n'^(i')lk.rfi' 

j'>j-No •'^ ^f''- 

<c,>2-^'(-'+p-^)|k'*||'"^ , llw'^P , . 

~ J'' II ii~j -i+f-s -"i+p ^ 

^ti^p,'" ) ^tj^^P'^ ) 
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For 1 < p < 2, wc get, by applying Lemma A.l once again, that 

j'>j-No 

In R ^ 



j'>j-JVo 

~ J'' II ll_ .l+Si-s II ll_ .-1+Si-s 



Whence thanks to (5.9), wc finish the proof of (5.7). 
On the other hand, it is easy to observe that 

||A,-(7;rfVu'^ + rv„.u<^)ILi(i.) 

^ J2 i\\^j'-lAL^{L^)\\^j''^A\LULP) + \\Sj'-lVu^\\Lr^^L^)\\Aj,u'^\\Li^Lr)) 
\j'-j\<5 



Whereas as 5 < ^ — 1, for 2 < p < 2(i, we get, by applying Lemma A.l, that 

||A,(^(u^Vu'^))|Li(i.) <2^1 ^ 2^'||A,.,u<^|Li(^,)||A,.m''||^c.(i,) 

j'>j-No 

<c,-,2-^'^-^+i-^)||^'^|L^ lh/|L^ . 

Along the same line to the proof of (5.10), we can prove the same estimate holds for 1 < p < 2. 
This proves (5.8) and Lemma 5.2. □ 

Lemma 5.3. Let 1 < q < p < 2d, s < ^ + ^ — 1 and g G L\,{Bp^r ^ )■ Then under the assumptions 
of Proposition 5.1, one has 



llaylL, .-i+i-s ^ Ik 



Proof. Again thanks to Bony's decomposition (A.5), we have 
(5.11) ag = fa9 + fga + R{a,g). 

Applying Lemma A.l gives 

\\^j{Ta9)\\Ll{LP) ^ Yl \\^j'-M\Lf'{L--)\\^r9\\Ll{LP) 

\j'-j\<5 

<Cj,r2~^^~^'^p~'^\\a\\L^^L^)\\g\\ . 
While as p > g, applying Lemma A.l once again gives rise to 

\\^j{Tga)\\Ll(^LP) ^ Y \\^j'-i9\\L]{L'^)\\^j'a\\Lf{LP) 
\j'-j\<5 
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Finally ass<^ + ^ — 1, fori + i<l, we get, by applying Lemma A.l, that 

||Aj(i?(a,5))||^i(iP) <2-'i \\Aj,a\\L^(^L,)\\Afg\\Li^Lp) 

j'>j-No 

For the case when ^ + | > 1, we have 



j'>j—No it°(-Bg^,oo) ^t{^P,r ^ 



Whence thanks to (5.11), we prove Lemma 5.3. □ 
We now turn to the proof of Proposition 5.1. 

Proof of Proposition 5.1. Again as both the proof of the existence and uniqueness of solutions 

to (5.4) essentially follows from the estimates (5.6) for some appropriate approximate solutions. 
For the sake of simplicity, we just prove (5.6) for smooth enough solutions of (5.4). Indeed thanks 
to (5.4) and (5.5), wc write 

VHa = V(-A)-i[div(aVnA) + dwhd{Yh{u^ ^ u\) + 2dwh{u'^ddu\) - Wd{u'^ dwhu\) 

- d\wh{u^ div/j u\) - fi divhiaAu'l) - fidaiaAui)] . 

Acting Aj to the above equation and using Lemma A.l leads to 

(5 12) ^^^■^^"^^II^K^^) ^ll4(«VnA)|Li(i,) +2^||A,(n'^®tx^)||ii(i,) + ||A,(«'^ div;, n^)||ii(^,) 

+ ||A,(ti'^Vu^)||ii(^,) +/x||A,(aAu^)||^i(^,) + /x||A,-(aAti^)||ii(iP), 
from which, and Lemma 5.1 to Lemma 5.3, we deduce that for s = and e 

+ ||vn,|| ) + iin'^iL II^^IL^ + \\ult^\^a_, }• 

Therefore (5.6) follows as long as C\\a\\ _ i <\. This finishes the proof of Proposition 

5.1. ■ 

To deal with the estimate of ■u'^, we also need the following proposition: 
Proposition 5.2. Under the assumptions of Proposition 5.1, one has for s = and e 

llvniL < , II ^ (iK'^IL .^^-\\A\ -.+i-s 

(5.13) L^{L^)nL^{B,^,^) 

+ if^\\a\\ ^ d +\\v!'\\^ -i+d){\\u^\\^ +h'^IL 1+^*-. )| 

L?°(L-)nL-(B,%) L^iBp.r ") LliBp^r" ) LliB^^r" ) ^ 
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fort<T provided that C\\a\\ ^ <\- 

Proof. The proof of this proposition exactly fohows from that of Proposition 5.1. In fact, taking 
A = in (5.12), and then applying Lemma 5.1, Lemma 5.3, we arrive at 



ivnii ,,d , <cil|a|| d l|vn|| ,,d , + \\u"'\\ ,.d \\u 



''L d IIm'^IL -1 d_ 



+ (mIIoII d + ll'"''IL -i+d )lklL i+d-s \ 

for t < T, from which and the fact that C\\a\\ _ a <5, we conclude the proof of 

L5?(L°°)nL5?(B,%) 

(5.13) . □ 
5.3. The estimate of u^. We first deduce from the transport equation of (1.2) that 

(5.14) ||'i||L°°(L°°) ^ ||fio||L°° for t < T*. 
Let f{t), ux, Hx be given by (5.5). Then thanks to (1.2), we write 

dtu'l + Xf{t)u'l - n^ul = -u ■ Vul - (1 + a)Vhnx + /xaAn^. 

Applying the operator Aj to the above equation and then taking the inner product of the result- 
ing equation with \Kju\Y'~'^ Kju\ (in the case when p G (1, 2), we need to make some modification 
as that in [9]), we obtain 

= - [ {Aj{u ■ Vu^) + Aj((l + a)VhIix) - nAj{aAu'l)) | \Aju'],\P-^Aju'l dx. 
However thanks to [9] (see also [28]), there exists a positive constant c so that 

- / AAj-n^ I \Aju''x\P-^Aju'ldx>^'^^\\Aj 
whence a similar argument as that in [9] gives rise to 

\\Aju1\\L^(^Lp) + X l%{t')\\Aju1{t')\\Lr dt' + c/x22J||A,-4||^i(^,) 

<\\A,{u-Vv^x)\\l]xlv) + ||A,-((l + a)V/,nA)|Li(ip) +M||A,-(aAu^)||ii(iP). 
For s = and e, applying Lemma 5.2 gives 

l|A,(« • V«^)|Ll(^.) <\\Aj{v!' ■ Vhu\)\\Ll^LP) + W^M^dduDWLl^Lv) 

<Ccj-^2-^'^-^+p-'^(||m'^|L IKaIL^ 



And applying Lemma 5.3 and (5.14) yields 

ll4-(aAK^)||ii(^,) <Cc,•,2-^■(-^+^^)(||ao||L- + ||aL d )\\u\\\ 

and 

||A,-((1 + a)V;,nA)||ri(iP) < Cc,-,2-^'^-'+^-')(l + llaollioo + ||a|L d )\\Vh^x\\^ -,+ d_, ■ 
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Now let ci be a small enough positive constant, which will be determined later on, we define T by 

T =^max(t e [0,r*) : _i, + ||n'*|L +M(l|aol|L- 

+ ||a||_ d + i+d-E + H'W^'IL i+d)<ciiJ,>. 

In particular, (5.16) implies that ||aol|L°° + II^^IL ^ ^ Ci for t < %. Taking ci so small that 
Cci < ^, (5.6) and (5.14) ensures that 



1^1 



+ [/idlaolU- + ||a|L^ I ) + lh''IL^ ]||^XaIL^ .1+1-. 

+ /^(||ao||L- + ||a|L d )||«'^|L i+d-s} for t < 1. 

Substituting the above estimates into (5.15), we obtain for s = and e that 

\\u1\\ +A||u^|L^ +c//||«^L^ 

^t°{Bp,r ) ^tji^PtV ) (^p,r ) 

+ m(II«o||l- + ||a|L d )II^^'^IL I for *<2^- 

Taking A = in the above inequality and thanks to (5.16), we get 



(5.17) 



hxL +^/^ll4lL, .1+1-. 

<||4|| ._i+|-, +C/x(||ao||Loc + ||a|L^ I )\\u^L^ for t < 1, 



provided that ci in (5.16) is so small that Cci < |. 

On the other hand, it is easy to observe from (5.5) and Definition A. 3 that 



Lr(Bp,r " ) 2 Lj{Bp,r^ ) Wo J 



Lf^iBp,r " ) 2 Li(Bp,.^ ) 

from which, and (5.3), (5.16), (5.17), we infer that for s = 0,£, and t <%, 



L^iBp^r ^ ) 2^ Lrw,oo^) LjiBp,,^ y 



(5.18) < C'[/^(l|ao||L- + llaoll |+e) + ll^ll .-i+g-J 

i ) Ll(Bp,,n Jo M^'^ + 
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5.4. The estimate of u^. By virtue of (1.2), we get, by a similar derivation of (5.15), that 

\\l^jU'^\\Lr^LP)+Clx2^'\\^3u'^\\LULv) < \\^j4\\LP 

(5-19) / • . • ■ , \ 

+ c(||A,(u • Vn'^)|Li(i,) + ||A,((1 + a)5rfn)|Li(^,) + /x||A,(aA«<^)|Li(^,)) . 

Applying Lemma 5.1 and Lemma 5.2 gives for s = and e that 

\\Aj{u ■ V«<^)||ii(i,) < 2^||A,-(nV)||ii(^p) + ||A,-(n'^div^«'^)||ii(i,) 

Whereas thanks to (5.16) and (5.14), we get, by applying Lemma 5.3 and Proposition 5.2, that 
||A,■((l + a)5rf^)||il(^,)<C'c,•.2-^■(-'+^^)(l + ||ao||L^ + ||a|L^ , )||5,n|L^ 



d Ml.. t .. .. ^, 



+ [/Lt(||ao||L- + ||a|L d ) + lk''IL -i+rf](IK'lL +\\u'^\\__ i+d-. )|, 



for t <%. Substituting the above estimates into (5.19) leads to 

Ik'^IL -i+d-. +c/i||n'^|L < ll^^oll + c'|lk''IL h'^IL 

(5 20) V^P.'' ^ ^t(^P,r ) ^P,r ^t\^P,r ) \^P,r ) 

+ [MdkoIlL- + ||a|L ^ ) + ll^''IL +||u'^|L 

for f < T and s = 0, e. 

In particular, if we take ci < min|2^, ^} in (5.16), wc deduce from (5.20) that 

(5-21) ll^'^IL^ +Mc|h'^|L^ <2\\4\\ ,_,^i_^+C2li 

for t < T and s = 0, e. 

5.5. The proof of Theorem 1.2. According to the arguments at the beginning of this section, 
we only need to prove that 1 = oo under the assumption of (1.13). Otherwise, if < T* < oo, we 
first deduce from (5.21) that 

<C^-2^(||u^|| d +C2//) for t<1. 

B 

Substituting (5.21) and (5.22) into (5.18) gives rise to 



\u 



for t < T and some positive constants Ci, C2 which depends on c, ci and e. In particular, if we take 
Cr^e large enough and cq sufficiently small in (1.13), the above inequality implies that for 5 given 
by (1.13) 



^t°{^P,r ^ ) ^'t'{^P,r ^) L^{Bq^„a ) 

+ ||'"''IL^ + Ik'^IL^ .1+1 ) < C'fJ < y/i for t<T, 
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which contradicts with (5.16). Whence we conclude that T = T* = oo, and there holds (1.14). 
This completes the proof of Theorem 1.2. ■ 

Appendix A. Littlewood-Paley analysis 

The proof of Theorem 1.2 requires Littlewood-Paley decomposition. Let us briefly explain how 
it may be built in the case x eW^ (see e.g. [6]). Let (p he a smooth function supported in the ring 

C =^ {C G M*^, I < 1^1 < §} and x be a smooth function supported in the ball H =^ G W^, |^| < |} 
such that 

X(e) + i;<^(2-^0 = l for all ^eR^ and J]<^(2-^0 = 1 for ^ ^ 0. 

Then for u G 5'(M'^), we set 

V j G Z, Aju =^ (^(2-^D)u and SjU =^ xC^'^ D)u, 
^^■"^^ V^gN, Aqu = ip{2-i'D)u and SqU = ^ A^u, A_iu = x(D)u. 

£<q-l 

We have the formal decomposition 

(A.2) u = ^Aj-u, Vug5'(R'')/P[R'^] and M=^AgU, Vu G <S'(R''), 

where ^[M^] is the set of polynomials. Moreover, the Littlewood-Paley decomposition satisfies the 
property of almost orthogonality: 

(A.3) AjAiU = if \j-i\>2 and Aj{Si_iuAiu) = if \j-q\>5. 

We recall now the definition of homogeneous Besov spaces and Bernstein type inequalities from 

[6]. 

Definition A.l. Let {p,r) G [l,+oo]2, s G M and u G 5^(M^), which means that u G S'iM?) and 
limj_>._oo ||5'j'u||l°o = 0, we define 

\\u\\Bs/=(2i'\\Aqu\\Lp)^^ and ^^,,(M'^) {u G ^^(M'^') | < oo}. 

Inhomogeneous Besov spaces Bp ^.iM.'^) can be defined in a similar way so that 

\\u\\b. =U2l'\\AqU\\Lp) 

Lemma A.l. Let B be a ball and C a ring ofW^ . A constant C exists so that for any positive real 
number 6, any non negative integer k, any smooth homogeneous function a of degree m, and any 
couple of real numbers (a, b) with b > a > 1, there hold 

Supp ucSB^ sup \\d"u\\Lb < C'=+^(5'=+2(^-i)||«||La, 

\a\=k 

(A.4) Supp ucSC^ C^^-''6''\\u\\l- < sup < C^^'' S'' \\u\\ , 

\a\=k 

Supp UCSC^ ||cr(£>)«||ii, < C(,,^(5'"+^(a~i)||«||La. 
We shall frequently use Bony's decomposition from [7] in the homogeneous context: 

(A. 5) uv = TuV + TZ{u, v) = T^v + TyU + R{u, v), 
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where 

Ty^v Sj-iuh.jV, TZiu, v) =^ 

R{u, v) AjuAjV with AjV^ ^j'^- 

iez li'-il<i 
In order to obtain a better description of the regularizing effect of the transport-diffusion equa- 
tion, we need to use Chemin-Lerner type spaces Lj,{Bp j.{M.'^)). 

Definition A. 2. Let {r,X,p) £ [1, +00]^ and T £ (0, +00]. We define L^{B^^{R'^)) as the com- 
pletion ofC{[0,T]; 5(R'^)) by the norm 

w^HiHr) = {T.^''i r\\A,u{t)\\i.dtyy 

with the usual change if r = 00. For short, we just denote this space by L^{Bp ,^). 

As one can not use GronwaU's inequality in the Chemin-Lerner type spaces, we [26, 27] introduced 
weighted Chemin-Lerner norm in the context of anisotropic Besov spaces. To prove 1.2, we need 
the following version of weighted Chemin-Lerner in the context of isentropic Besov spaces: 

Definition A.3. Let {r,p) G [1, +00]^ and T G (0, +00]. Let < f{t) G L^(0,r). We define the 
norm L^ ^{B^^^) as 
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